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1. Introduction
If p is a prime and G is a finite p-solvable group, we have associated to every complex
irreducible character χ ∈ Irr(G) of G a pair (Q, δ), where Q is a p-subgroup of G and
δ ∈ Irr(Q), which is uniquely determined by χ up to G-conjugacy (see [8]). We say
that every G-conjugate of (Q, δ) is a vertex of χ and we denote by Irr(G|Q,δ) the
set of irreducible characters of G with vertex (Q, δ). This partitions the set of complex
irreducible characters of a finite p-solvable group G into natural families. (Theorem A of
[8] gives a list of the most relevant properties of these vertices.) Let us denote by Irr0(G)
the set of p-defect zero characters of G. Also, let NG(Q,δ) be the set of elements of
NG(Q) stabilizing δ.
Theorem A. Suppose that G is a group of odd order. Let Q be a p-subgroup of G and let
δ ∈ Irr(Q). Then there is a natural injection
∗ : Irr(G|Q,δ)→ Irr0
(
NG(Q,δ)/Q
)
.
In the very special case where δ = 1Q, the set Irr(G|Q,δ) is a canonical set of liftings of
the irreducible Brauer characters of G with “classical” vertex Q (see [8, Theorem (6.3)]).
Hence, the Alperin Weight Conjecture, as proved in [5], implies that |Irr(G|Q,δ)| =
|Irr0(NG(Q,δ)/Q)|. Therefore, Theorem A provides a canonical bijection between the
irreducible Brauer characters and the Alperin weights for groups of odd order (which was
the main theorem in [7]).
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If χ ∈ Irr(G) has vertex (Q, δ), by Theorem A(b) of [8] we have that χ ∈ Irrp′(G) if and
only if Q ∈ Sylp(G) and δ is linear. In fact, it is the main result of [6], that in this case∣∣Irr(G|Q,δ)∣∣= ∣∣Irr(NG(Q)|δ)∣∣,
where Irr(NG(Q)|δ) is the set of irreducible characters if NG(Q) lying above δ. By
elementary character theory, |Irr(NG(Q)|δ)| = |Irr0(NG(Q,δ)/Q)|, and we see that
Theorem A provides a canonical bijection
∗ : Irr(G|Q,δ)→ Irr0
(
NG(Q,δ)/Q
)
.
(This is a stronger form of the natural correspondence Irrp′(G) → Irrp′(NG(Q)) con-
structed in [2] by M. Isaacs which proved the McKay conjecture for groups of odd order.)
Although we have seen two important cases in which the map ∗ is a bijection, it is not
difficult to find examples in which ∗ is not surjective. If we do not assume that |G| is odd,
it is the main result in [9] to prove that∣∣Irr(G|Q,δ)∣∣ ∣∣Irr0(NG(Q,δ)/Q)∣∣
for any p-solvable group G.
2. Reviewing character correspondences
If P acts coprimely on a group M , let IrrP (M) be the set of irreducible characters of M
which are P -invariant. We write C = CM(P) for the fixed points subgroup.
Theorem 2.1 (Glauberman–Isaacs). Suppose that P acts coprimely on a group M . Then
there is a natural bijection
∗ : IrrP (M)→ Irr(C).
Proof. If P is solvable, this is the Glauberman correspondence (see Chapter 13 of [4]). If
P is not solvable, then |M| is odd, by the Feit–Thompson theorem. In this case, this is the
Isaacs correspondence (Theorem (10.8) of [2]). Finally, if |M| is odd and P is solvable,
both character correspondences coincide by the main result of [11]. ✷
This natural bijection, in the case where |M| is odd on which we are mainly focused,
was constructed by repeatedly using the following key result.
Theorem 2.2. Suppose that P acts coprimely on M of odd order. Suppose that H is a
P -invariant subgroup of M such that [M,P ]′C ⊆H ⊆M . Let χ ∈ IrrP (M). Then there is
(a unique) χ [H ] ∈ IrrP (H) such that
χH = χ [H ] + 2∆+Ξ,
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Also, the map IrrP (M)→ IrrP (H) given by χ → χ [H ] is a bijection.
Proof. This is Corollary (4.3) of [11]. ✷
The character χ [H ] is the character written as χσ(M,H,P) in [11].
Now, if P acts coprimely on M , a group of odd order, and C = CM(P), then the Isaacs
correspondence on coprime action is constructed by induction on |M|. Let H = [M,P ]′C.
By using the solvability of M and coprime action, it is easy to check that M > H (if
M > 1). Then, the Isaacs correspondence is the composition of the natural map IrrP (M)→
IrrP (H) (from Theorem 2.2) and the natural map IrrP (H)→ Irr(C) obtained by induction.
When proving properties of this correspondence, one readily needs to relax its rigid
definition. This was done by T. Wolf in [11].
Theorem 2.3. Suppose that P acts coprimely on M of odd order. Suppose that H is any
P -invariant subgroup with [M,P ]′C ⊆H ⊆M . Let χ ∈ IrrP (M). Then χ∗ = (χ [H ])∗.
Proof. This is Theorem (4.6) of [11]. ✷
In [2], Isaacs found another character correspondence for groups of odd order. Given
a prime p, we denote by Irrp′(G) the irreducible characters of G of degree not divisible
by p.
Theorem 2.4. Suppose that G is a group of odd order and let P ∈ Sylp(G). Then there
exists a natural bijection
∗ : Irrp′(G)→ Irrp′
(
NG(P)
)
.
Proof. This is Theorem (10.9) of [2]. ✷
In the coprime action correspondence, we saw that the subgroups of the form [M,P ]′C
played an important role. In the p′-degree character correspondence, the subgroups
Op′p(G)′NG(P)
are going to play the corresponding part.
Lemma 2.5. Suppose that G is a finite group and let P ∈ Sylp(G). Let K G be such that
G/K has a normal Sylow p-subgroup. Suppose that K ′NG(P)⊆H ⊆G. Let L=H ∩K .
Then L G, K/L is abelian, H = LNG(P) and KH =G.
Proof. We have that KP  G. By the Frattini argument, we have that KNG(P) = G.
Hence, G = KH . Now, K ′ ⊆ L ⊆ K , and therefore L  G. Now, H/L is isomorphic
to G/K , and then H/L has a normal Sylow p-subgroup PL/L. Hence, H/L =
NH/L(PL/L)= NH (P )L/L= NG(P)L/L. Thus H = LNG(P). ✷
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if χ ∈ Irrp′(G) and L G, then χL has a P -invariant irreducible constituent and that every
two of them are NG(P)-conjugate. This easily follows from the Clifford correspondence
(Theorem (6.11) of [4]) and Sylow theory.
Theorem 2.6. Suppose that G is a finite group of odd order and let P ∈ Sylp(G). Suppose
that Op′p(G)′NG(P) ⊆H ⊆G. If χ ∈ Irrp′(G), then there is (a unique) χ(H) ∈ Irrp′(H)
such that
χH = χ(H) + 2∆+ β,
where ∆ and β are characters of H , and β
H∩Op′p(G) has no P -invariant irreducible
constituents. Moreover the map χ → χ(H) is a bijection between Irrp′(G) and Irrp′(H).
Proof. Write L =H ∩ Op′p(G). By Lemma 2.5, we have that L G. Let θ ∈ Irr(L) be
P -invariant below χ . By Theorem (10.6) of [2], we have that
χH = χ(H) + 2∆+ β,
where χ(H) lies above θ , has degree not divisible by p and none of the irreducible
constituents of β lie above θ . It suffices to show that no irreducible constituent of β lies
above a P -invariant irreducible character of L. If τ ∈ Irr(L) is P -invariant lying below β ,
then τ lies below χ . Then τ = θn for some n ∈ NG(P)⊆H . Then θ lies below β , and this
is impossible. The rest of the theorem easily follows from Theorem (10.6) of [2]. ✷
Now, the Isaacs correspondence in Theorem 2.4 is constructed by induction on |G|
as follows. Let H = Op′p(G)′NG(P). By using the solvability of G, it is easy to check
that G>H (if G> 1). Then, the Isaacs correspondence is the composition of the natural
map Irrp′(G)→ Irrp′(H) (obtained from Theorem 2.6) and the natural map Irrp′(H)→
Irrp′(NG(P)) obtained by induction.
The next result is the analogous of Theorem 2.3 for Isaacs p′-degree character
correspondence.
Theorem 2.7. Suppose that H is a subgroup of G containing Op′p(G)′NG(P). Let
χ ∈ Irrp′(G). Then (χ(H))∗ = χ∗.
Proof. This is Theorem (2.3) of [10]. ✷
Finally, it is important to notice that if a group A acts on an odd order group G fixing
P ∈ Sylp(G) (setwise), then (
χa
)∗ = (χ∗)a
for every a ∈A and χ ∈ Irrp′(G). This easily follows from the uniqueness in Theorem 2.6.
Of course, the analogous fact is true for the Isaacs correspondence in Theorem 2.1 by the
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of [4]).
3. More character correspondences
From now on, we assume that the reader is familiar with the definition and main
properties of the Gajendragadkar special characters [1]. Let us denote by X p′(G) the set
of p′-special characters of G. By definition, recall that Xp′(G) ⊆ Irrp′(G). If we restrict
the Isaacs correspondence in Theorem 2.4 to the set of p′-special characters, we have the
following.
Theorem 3.1. Suppose that |G| is odd and let P ∈ Sylp(G). Then
∗ :Xp′(G)→ Irr
(
NG(P)/P
)
is a bijection.
Proof. This is Corollary (3.3) of [7]. ✷
The main objective in this section is to prove the following result.
Theorem 3.2. Let Q be a p-subgroup of a group of odd order G. For every N G with
Q∩N ∈ Sylp(N), there is a natural bijection
˜:Xp′,Q(N)→ Irr(NN(Q)/Q∩N),
where Xp′,Q(N) is the set of Q-invariant p′-special characters of N . In fact, if M is a
normal subgroup of G contained in N and θ ∈ Xp′,Q(N) and η ∈ Xp′,Q(M), then η˜ is
below θ˜ if and only if η is below θ .
We need a lemma.
Lemma 3.3. Suppose that G is a group of odd order and let P be a Sylow p-subgroup
of G. Suppose that K ⊆M ⊆G are normal p′-subgroups of G. Suppose that G/K has a
normal Sylow p-subgroup and let K ′NG(P)⊆H ⊆G. Let χ ∈ Irrp′(G) and θ ∈ IrrP (M).
Then χ lies above θ if and only if χ(H) lies above θ [M∩H ].
Proof. Write N = NG(P). As in Lemma 2.5, let L = H ∩K  G. Then, we know that
H = LN , G=KH and K ∩H = L. Let C = CM(P). Notice that
M ∩H =M ∩LNG(P)= LNM(P)= LC.
Since PK/K G/K is a p-subgroup and M/K G/K is a p′-subgroup, it follows that
[M,P ] ⊆K . Hence [M,P ]′ ⊆K ′ ⊆H ∩K = L, and thus [M,P ]′C ⊆ LC =M ∩H . By
Theorem 2.2, we have that θ [M∩H ] ∈ IrrP (M ∩H) is defined.
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invariant irreducible constituent γ ∈ Irr(M). Since MN =G, we may write
χM = d(γ1 + · · · + γr),
where d is odd and {γ1, . . . , γs} are the different N -conjugates of γ . In particular, all of
these characters are P -invariant. Now, by Theorem 2.2, we may write
(γi)LC = (γi)[LC] + 2∆i +Ξi,
where no irreducible constituent of Ξi is P -invariant. We claim that γ [LC] lies above β .
If β1 is P -invariant lying below γ [LC], then β1 and β are P -invariant lying below γ , so
they are C-conjugate (this is an standard argument in coprime action and characters: apply
Theorem (13.27) and Corollary (13.9) of [4]). This proves the claim.
Now G/K has a normal Sylow p-subgroup, so Op′p(G)⊆K . Hence, Op′p(G)′N ⊆H
and we have χ(H) ∈ Irr(H) defined by Theorem 2.6. We have that
χH = χ(H) + 2∆+Ξ,
where no irreducible constituent of Ξ lies above β (otherwise, ΞH∩Op′p(G) would have
P -invariant irreducible constituents, contrary to Theorem 2.6). Hence,
χLC =
(
χ(H)
)
LC
+ 2∆LC +ΞLC = d
(
r∑
i
(γi)
[LC] + 2∆i +Ξi
)
.
Now, by using injectivity in Theorem 2.2, we have that[
χLC,γ
[LC]]
is odd. Since γ [LC] lies above β , it follows that[
ΞLC,γ
[LC]]= 0.
Hence [(
χ(H)
)
LC
,γ [LC]
]
is odd. In particular, γ [LC] lies below χ(H).
Now, if θ lies below χ , it follows that θ = γ n for some n ∈N . Then
θ [LC] = (γ [LC])n
lies below χ(H). Conversely, if θ [LC] lies below χ(H), by Clifford’s theorem, we will have
that
θ [LC] = (γ [LC])n
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(
γ [LC]
)n = (γ n)[LC]
and by uniqueness in Theorem 2.2, we will have that θ = γ n. This proves the lemma. ✷
Corollary 3.4. Suppose that |G| is odd and let P be a Sylow p-subgroup of G. Let
χ ∈ Irr(G) be of p′-degree. Let M G be a p′-group, and assume that θ ∈ Irr(M) is P -
invariant. Let χ∗ ∈ Irrp′(NG(P)) and θ∗ ∈ Irr(CM(P)) be the correspondents of χ and θ ,
respectively. Then χ lies above θ if and only if χ∗ lies above θ∗.
Proof. We argue by induction on |G|. Write N = NG(P) and C = CM(P). Let L/M =
Op′p(G/M)′. Write H = LN . We have that Op′p(G)′N ⊆H . Assume that H <G.
Suppose that χ lies above θ . We claim that χ(H) also lies above θ . Since χ(H) has p′-
degree, we may find a P -invariant irreducible constituent γ ∈ Irr(M) of (χ(H))M . Since
χ lies above χ(H), we have that γ is also an irreducible constituent of χM . Therefore, γ
and θ are N -conjugate. Hence they are H -conjugate and the claim easily follows. Now, by
induction, we have that (χ(H))∗ lies above θ∗, and by Theorem 2.7, we are done. Suppose
conversely that χ∗ lies above θ∗. By induction and Theorem 2.7, we will have that χ(H)
lies above θ . Then χ lies above θ (because χ lies above χ(H)), proving the corollary if H
is proper in G. So we may assume that H =G. If R/M = Op′p(G/M), by Lemma 2.5, we
deduce that R = L. By the solvability of G, we deduce that R = L=M . Thus MP G.
Now, let K = [M,P ] G, and notice that K = Op′p(G). Let V =K ′. If U = VNG(P),
we may apply Lemma 3.3, and we know that χ lies above θ if and only if χ(U) lies above
θ [M∩U ]. Thus, by induction and Theorems 2.3 and 2.7, we may assume thatU =G. Hence,
K = V and by solvability, we have that K = 1. Hence, M ⊆ C. Then P  G, and the
theorem is trivial in this case. ✷
We also need the following nontrivial result.
Lemma 3.5. Let N be a normal subgroup of a group of odd order G. Let χ ∈ Irr(G) and
θ ∈ Irr(N) be p′-special. Let P be a Sylow p-subgroup of G. Let ν ∈ Irr(NG(P ∩ N))
be the unique p′-special character with ν∗ = χ∗ (by using Theorem 3.1 and the fact that
NG(P) ⊆ NG(P ∩ N)). Then θ lies below χ if and only if θ∗ ∈ Irr(NN(P ∩ N)) lies
below ν.
Proof. This is Theorem (3.6) of [7]. ✷
Now, we are ready to prove Theorem 3.2.
Proof of Theorem 3.2. First, we prove that there is a natural bijection
˜:Xp′,Q(N)→ Irr(NN(Q)/Q∩N).
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∗ :Xp′(N)→ Irr
(
NN(Q∩N)/Q∩N
)
.
Now, Q acts on N stabilizing Q ∩ N . By the last paragraph in Section 2, we have that
α ∈Xp′(N) is Q-invariant if and only if α∗ is. So we deduce that
∗ :Xp′,Q(N)→ IrrQ
(
NN(Q∩N)/Q∩N
)
is a bijection. Now,Q acts coprimely on the p′-group NN(Q∩N)/Q∩N with fixed points
CNN(Q∩N)/Q∩N(Q)= NN(Q)/Q∩N.
By the Glauberman correspondence, we have a natural bijection
IrrQ
(
NN(Q∩N)/Q∩N
)→ Irr(NN(Q)/Q∩N).
The composition of these two bijections is the natural bijection that we were looking for.
It remains to show that is satisfies the desired property.
Suppose now that M is a normal subgroup of G contained in N and let θ ∈ Xp′,Q(N)
and η ∈ Xp′,Q(M). We want to prove that η˜ is below θ˜ if and only if η is below θ . We do
this by induction on |G|. Write P =Q∩N ∈ Sylp(N). We have that
NN(Q)⊆ NN(P )⊆ NN(P ∩M).
We wish to apply Lemma 3.5 to the group N with the normal subgroup M  N . Let
ν ∈ Irr(NN(M ∩ P)) be such that ν∗ = θ∗. By Lemma 3.5, we know that θ lies above
η if and only if ν lies above η∗. Now, notice that Q ⊆ NG(P ∩ M). We have that
NN(P ∩ M)  NG(P ∩ M) such Q ∩ NN(P ∩ M) ∈ Sylp(NN(P ∩ M)). Also, notice
that ν˜ = θ˜ , and η˜∗ = η˜. Hence, arguing by induction on |G|, we may assume that
NG(P ∩M)=G. Hence, P ∩M G. Now, since each p′-special character contain normal
p-subgroups in its kernel (Corollary (4.2) of [1]), by working in the factor groupG/P ∩M ,
and applying induction, we may easily assume that M is a p′-group. In this case, η˜ is the
Q-Glauberman correspondent of η.
Now, let η0 ∈ Irr(CM(P)) be the P -Glauberman correspondent of η. By Corollary 3.4
applied in N , we have that θ lies above η if and only if θ∗ lies above η0. Since P Q, we
have that the Q-Glauberman correspondent of η0 is η˜ (by Theorem (13.1) of [4]). Now, we
work in the factor groupX = NN(P )/P . This group is acted coprimely byQ. Also,X has a
normal subgroup Y = CM(P)P/P . Since θ∗ has P in its kernel, we can view θ∗ ∈ Irr(X).
Also, the Q-Glauberman correspondent of θ∗ is what we write θ˜ . Now, we also have the
character η¯0 ∈ Irr(Y ) (uniquely determined by η0). Furthermore, we have that θ lies above
η if and only if θ∗ lies above η¯0. By Theorem (13.29) of [4], we have that θ∗ ∈ Irr(NN(P ))
lies above η0 if and only if θ˜ lies above η˜, and this proves the theorem. ✷
Suppose again that we are in the hypothesis of Theorem 3.2. Since the bijection in
Theorem 3.2 is the composition of Glauberman and Isaacs correspondences, we have
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This follows from the comments in the last paragraph of Section 2. In particular, the
˜ -correspondence commutes with the action of NG(Q) on N .
4. Reviewing vertices
Suppose that G is p-solvable. If α ∈ Irr(G) is p-special and β ∈ Irr(G) is p′-special,
we know that the product χ = αβ is irreducible and that the factors α and β are unique
(see Proposition (7.1) of [1]). The irreducible characters of G obtained this way are called
factorable. (We say p-factorable if we wish to mention the prime p.) We usually write
χp = α and χp′ = β . We will also use that the p-special characters of G remain irreducible
when restricted to the Sylow p-subgroups of G. In fact, this restriction is a one to one map.
(See Proposition (6.1) of [1].)
Suppose now that χ ∈ Irr(G). In [8], we associate to χ a unique pair (W,γ ), where
W ⊆ G, γ ∈ Irr(W) is p-factorable and γG = χ , uniquely determined by χ up to G-
conjugacy. This association is made by induction on |G|. Given χ , we consider the set
P(χ)= {(N, θ), where N G and θ ∈ Irr(N) is factorable lying below χ}. We order this
set of pairs by setting (N, θ) (M,η) if N ⊆M and θ lies below η. If χ is p-factorable,
then we let (W,γ )= (G,χ). If χ is not factorable, we choose (N, θ) ∈ P(χ) be maximal
below (G,χ). By Theorem (2.2) of [8], (N, θ) is unique up to G-conjugacy. Also, the
stabilizer T of θ in G is proper in G (by Corollary (2.4) of [8]). Hence, if ψ ∈ Irr(T |θ) is
the Clifford correspondent of χ above θ , we have that ψ is uniquely determined by χ up
to G-conjugacy. Since T is proper in G, by induction, we have associated to ψ a unique
pair (W,γ ) up to T -conjugacy. Then we associate to χ all G-conjugates of the pair (W,γ )
and call each of these pairs a nucleus (via normal pairs) for χ . Now, if Q is a p-subgroup
of G and δ ∈ Irr(Q), we say that (Q, δ) is a vertex of χ if there is a nucleus (W,γ ) of χ
with Q ∈ Sylp(W) and (γp)Q = δ. We denote by
Irr(G|Q,δ)
the set of irreducible characters of χ with vertex (Q, δ).
5. Main results
In our Theorem A, we will construct a natural injection between irreducible characters
of G and defect zero characters of a certain factor of a local subgroup of G. In fact, it is
no loss to work with relative defect zero characters. If N G and θ ∈ Irr(N), the set of
relative defect zero characters of G with respect to θ is
rdz(G|θ)= {χ ∈ Irr(G|θ) such that (χ(1)/θ(1))
p
= |G/N |p
}
.
Recall that we are writing Irr0(G) for the set of defect zero characters of G. Of course,
Irr0(G)= rdz(G|1).
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invariant. If G is p-solvable, then there is a natural bijection
rdz(G|δ)→ Irr0(G/Q).
Proof. This follows from Theorem (3.6) of [9], by letting N =Q, α = 1N and β = δ. ✷
We need the following.
Lemma 5.2. Suppose that G=NM , where N,M are normal subgroups of G. Let P be a
Sylow p-subgroup of G. Then NG(P)= NN(P )NM(P).
Proof. First we do the case where G=N ×M . We have that P = (P ∩N)× (P ∩M) and
NG(P)= NN(P ∩N)×NM(P ∩M). However, NN(P ∩N)= NN(P ) and NM(P ∩M)=
NM(P). Now, let G=G/N ∩M . By the first part, we have that
NG(P)= N M(P )NN(P ).
Hence, we deduce that
NG(P)(N ∩M)= NM(P)NN(P )(N ∩M).
Therefore
NG(P)= NG(P)∩ NM(P)NN(P )(N ∩M)
= NM(P)NN(P )
(
NG(P)∩N ∩M
)= NM(P)NN(P ),
as wanted. ✷
Lemma 5.3. Let Q be a p-subgroup of G and let N,M G. Suppose that Q ∈ Sylp(QN)
and Q ∈ Sylp(QM). Then
NNM(Q)= NN(Q)NM(Q).
Proof. We argue by induction on |G|. Of course, we have that NN(Q)NM(Q)⊆ NNM(Q).
It is clear that we may assume that G= NMQ. Write L= NM . Since G= (QN)(QM)
it is clear that Q is a Sylow p-subgroup of G. Let R = Q ∩ NM ∈ Sylp(NM). By the
Frattini argument, we have that G = LH , where H = NG(R). Notice that NG(Q) ⊆ H .
Suppose that H is proper in G. We have that N ∩ H and M ∩ H are normal subgroups
of H , and by induction we will have that
N(H∩N)(H∩M)(Q)= NH∩N(Q)NH∩M(Q)= NN(Q)NM(Q).
Now, by Lemma 5.2, we have that (H ∩N)(H ∩M)=H ∩NM . Hence,
N(H∩N)(H∩M)(Q)= NH∩NM(Q)= NG(Q) ∩H ∩NM = NG(Q)∩NM = NNM(Q).
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action, we have that
NNM(Q)/R = NNM/R(Q/R)= CNM/R(Q)= C(NR/R)(MR/R)(Q)
= CNR/R(Q)CMR/R(Q)⊆ NNR/R(Q/R)NMR/R(Q/R)
⊆ NN(Q)NM(Q)R/R.
Hence, we deduce that NNM(Q)⊆ NN(Q)NM(Q)R. HoweverR = (Q∩N)(Q∩M), and
therefore NN(Q)NM(Q)R = NN(Q)NM(Q). ✷
This is our main result.
Theorem 5.4. Suppose that G is a group of odd order. Let Q be a p-subgroup of G, and
let δ ∈ Irr(Q). There is a natural injection
Irr(G|Q,δ)→ rdz(NG(Q,δ)|δ).
Proof. Suppose that χ ∈ Irr(G|Q,δ). Let (W,γ ) be a nucleus of χ such thatQ ∈ Sylp(W)
and (γp)Q = δ. Since (γp)Q = δ, notice that NW(Q,δ) = NW(Q). By Theorem 3.1, we
have a uniquely defined
γ ∗p′ ∈ Irr
(
NW(Q)/Q
)
.
Also, since (γp)Q is irreducible, we have that
(γp)NW (Q)γ
∗
p′ ∈ Irr
(
NW(Q)
)
by Corollary (6.17) of [4]. Also, notice that this character lies above δ. We prove by
induction on |G|, that (
(γp)NW (Q)γ
∗
p′
)NG(Q,δ) ∈ Irr(NG(Q,δ)).
If this is true, it is easy to check that this a relative defect zero character of NG(Q,δ) above
δ since NW(Q)/Q is a p′-group. (The reader might want to see Theorem (3.5) of [9].)
If χ is factorable, (W,γ ) = (G,χ), Q ∈ Sylp(G) and in this case what we wish to
prove is a triviality. Suppose then that χ is not factorable. In this case, by the construction
of the normal nucleus (see Section 4), we can find a maximal normal factorable pair
(N, θ) of G below (W,γ ) such that if T is the stabilizer of θ in G, then W ⊆ T < G,
ψ = γ T ∈ Irr(T |Q,δ) and (W,γ ) is a nucleus for ψ . Since W ⊆ T and Q ⊆ W ,
notice that θ is Q-invariant. In particular, θp′ is Q-invariant. Also, Q ∩ N ∈ Sylp(N)
(because Q ∈ Sylp(W) and N W ), and then, by Theorem 3.2, we have defined a unique
character
θ˜p′ ∈ Irr
(
NN(Q)/Q∩N
)
.
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η= (θp)NN(Q)θ˜p′ ∈ Irr
(
NN(Q)
)
.
Now, since restriction of p-special characters to a Sylow subgroup is one to one, it follows
that x ∈ NG(Q) fixes θp if and only if x fixes (θp)NN(Q). By the remark following the
proof of Theorem 3.2, we deduce that NT (Q) is the stabilizer of η in NG(Q). In particular,
NT (Q, δ) is the stabilizer of η in NG(Q,δ). Now, T < G, and by induction, we have
that (
(γp)NW (Q)γ
∗
p′
)NT (Q,δ) ∈ Irr(NT (Q, δ)).
By the Clifford correspondence (Theorem (6.11) of [4]), it suffices to show that
(
(γp)NW (Q)γ
∗
p′
)NT (Q,δ)
lies above η. Now, we have that γ lies above θ . (In fact, γN = eθ .) Hence, γp lies
above θp and γp′ lies above θp′ . By Theorem 3.2 applied in W , we deduce that γ ∗p′ lies
above θ˜p′ . Now, it is obvious that (γp)NW (Q) lies above (θp)NN(Q) and we deduce that
(γp)NW (Q)γ
∗
p′ lies above η. Hence ((γp)NW (Q)γ
∗
p′)
NT (Q,δ) lies above η, and we deduce
that (
(γp)NW (Q)γ
∗
p′
)NG(Q,δ) ∈ Irr(NG(Q,δ))
by the Clifford correspondence.
Now, given χ ∈ Irr(G|Q,δ), we could have chosen a different nucleus (W0, γ0) for χ ,
where Q ∈ Sylp(W0) and ((γ0)p)Q = δ. In this case, since nuclei for χ are G-conjugate,
we will have that (W0, γ0) = (Wx, γ x) for some x ∈ G. Now, Q,Qx are Sylow p-
subgroups of Wx and we deduce that Qwx =Q for some w ∈W (by Sylow theory). Also,
δ = ((γ0)p)Q = (γ wxp )Q = ((γp)Q)wx = δwx.
Hence, by replacing x by wx , it is no loss to assume that x ∈ NG(Q,δ). Therefore, we see
that the character (
(γp)NW (Q)γ
∗
p′
)NG(Q,δ) ∈ Irr(NG(Q,δ))
only depends on χ (once we have fixed (Q, δ)). Hence, we see that
χ → ((γp)NW(Q)γ ∗p′)NG(Q,δ) ∈ Irr(NG(Q,δ))
is a natural correspondence Irr(G|Q,δ)→ rdz(NG(Q,δ)|δ).
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characters is one to one. Suppose now that µ ∈ Irr(G|Q,δ) has nucleus (U,ρ) such that
Q ∈ Sylp(U) and (ρp)Q = δ, and assume that(
(ρp)NU (Q)ρ
∗
p′
)NG(Q,δ) = ((γp)NW (Q)γ ∗p′)NG(Q,δ) = ν.
We prove by induction on |G| that χ = µ. Arguing as in the previous paragraph, we can
find a normal maximal factorable pair (M, τ) below (U,ρ) such that if I is the stabilizer
of τ in G, then U ⊆ I , ϕ = ρI ∈ Irr(I |Q,δ) and with (U,ρ) being a nucleus of ϕ.
By the first paragraph of the proof, we know that ν lies above (θp)NN(Q)θ˜p′ . By the
same reason, it also lies above (τp)NM(Q)τ˜p′ . Now, let 4 ∈ Irr(NN(Q)NM(Q)) be below ν
and above (θp)NN(Q)θ˜p′ . Also, let ξ ∈ Irr(NM(Q)) be below 4. Hence, ξ is below ν and
we deduce that ξ is NG(Q,δ)-conjugate to (τp)NM(Q)τ˜p′ . By replacing (U,ρ) by some
NG(Q,δ)-conjugate (as we can), it is no loss to assume that 4 lies above (τp)NM(Q)τ˜p′
and above (θp)NN(Q)θ˜p′ . Now, by Theorem (2.2) of [8], we have that 4 is factorable. In
particular, 4p′ lies above θ˜p′ and above τ˜p′ . Now, we have that Q ∩ N ∈ Sylp(N) and
Q ∩M ∈ Sylp(M). Thus Q ∈ Sylp(NQ) and Q ∈ Sylp(MQ). Thus Q ∈ Sylp(NMQ)
and also Q∩NM ∈ Sylp(NM). By Lemma 5.3, we have that
NNM(Q)= NM(Q)NN(Q).
Also, Q ∩NM is the normal Sylow p-subgroup of NNM(Q). Hence, we have that 4p′ ∈
Irr(NNM(Q)/Q∩NM). By Theorem 3.2, we can write 4p′ = α˜ for some α ∈ Xp′,Q(NM).
Now, since 4p′ lies above θ˜p′ by Theorem 3.2, we have that α lies above θp′ . By the same
argument, α lies above τp′ . Now, since δ extends to W and QN ⊆W , we have that δ ex-
tends to QN . By the same reason, δ extends to QM . By Theorem A of [2], we have that δ
extends toQ(NM). By Theorem F of [3], let δˆ be the p-special extension of δ to QNM . By
the uniqueness of the p-special extensions (Proposition (6.1) of [1]), we have that δˆQN =
(γp)QN . Since γp lies above θp, we deduce that δˆ lies above θp . By the same argument,
it lies above τp. Since N ⊆ NM QNM , we may find a p-special character β1 of NM
lying above θp and below δˆ. Now, αβ1 lies above θ . However, (N, θ) was maximal among
factorable normal pairs ofG. Therefore, we deduce that (N, θ)= (NM,αβ1). By the same
argument, we may find a p-special character β2 ofNM lying above τp and below δˆ. There-
fore, we deduce that (M, τ)= (NM,αβ2). Therefore, N =M and θp′ = τp′ . Also, θp and
τp lies below δˆ ∈ Irr(QN), and therefore θp and τp are Q-conjugate. But θp is Q-invariant
(recall that Q⊆W ⊆ T ). So we have that θp = τp and (N, θ)= (M, τ). Hence, I = T .
If χ is factorable, then (N, θ)= (G,χ), (M, τ)= (G,µ) and we deduce that χ = µ. If
χ is not factorable, then I = T <G. By the construction of our correspondence, we know
that (
(γp)NW (Q)γ
∗
p′
)NT (Q,δ) and ((ρp)NU (Q)ρ∗p′)NT (Q,δ)
are the Clifford correspondents of ν above
η = (θp)NN(Q)θ˜p′ = (τp)NN(Q)τ˜p′ .
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(γp)NW (Q)γ
∗
p′
)NT (Q,δ) = ((ρp)NU(Q)ρ∗p′)NT (Q,δ).
By the inductive hypothesis, we have γ T = ρT . Hence
χ = γG = ρG = µ,
and the proof of the theorem is complete. ✷
Next is Theorem A of the introduction.
Theorem 5.5. Suppose that G is a group of odd order. Let Q be a p-subgroup of G and let
δ ∈ Irr(Q). Then there is a natural injection
∗ : Irr(G|Q,δ)→ Irr0
(
NG(Q,δ)/Q
)
.
Proof. This is a consequence of Theorems 5.1 and 5.4. ✷
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